TEOPEMbI O B3AVIMHO MNMPOCTbIX UACJ/TAX

O603HaueHe: B faHHO cTaTbe peyb MAET TOMbKO O HATYpasbHbIX YnCiax.

Teopema 1. Ecnm uncna N v IM B3ammHo npocTele (N,M) = 1, To uncna
(2n -Dwn (2m - 1) T0 Xe B3a¥IMHO MPOCTble (2n -1, M. 1)=1.

[lokasaTenscTBo.

Nemma 1. Ecnm uncna N v M B3ammHo npoctble (N,M) =1, 1)
raeM <N, N=M;(mod M), M>M;>0, un

m; =N - mk; )

TO uncna M m M; TO e ABNAKOTCA B3aMMHO MPOCTbIMW.
[loKasaTenbCTBO «1eMMbl 1». Mpegnonoxunm obpatHoe. Jonyctum yto, uncna M v M; umetot
obLero genutens pasHoro P > 1. Torga

m =m,p ©)
n
mi = miop.

W ¢ yueTom (2) nonyymm

MiP =N - mpk;

3HaumnT

n = mM;,p + Mypk; = p(mi, + myk;) (4)
C yuetom (3) u (4) nonyyaetcs, 4to ynucna N n M umetot obLero genutens P>1. A ato

NMpOTUBOPEYNT ycnosuio (1).
«Jlemma 1» [loKasaHa.

OyeBWaHO, YTO A4NA N60I Napbl B3aMMHO NPOCTbIX Yncen N n M cywecTtsyroT yncna M; n ki,
roe M > M; >0, u M; =N - mkK;.
MprMeHVM «/1leMMY 1» Ha napy B3aMMHO MPOCTbIX Yncen (MprBeLeHHbIX B «ieMme 1») M > M;

(ecnv M;= 1) 1 nonyynm o4vepefHyro napy B3avMHO NpocTbix ynicen M; > Mi.. Mpogomkas,
aHa/IorMYyHo, NONYYUM PAL YMCeN YA0BNETBOPAIOLLMX YCNOBME

N>mM>m;>Mi>...> My, ®)
Cnefcteme: T.K. uncno N KoHeYHoe Yncio 1 T.K. pag yucen (5) yobiBaroLwuiA, 3HaUNUT 4N
rnocnefHero uneHa atoro paga (And Misj) BbINOMHAETCA YCOBMUE

M =1,

KOTOpOE MOJy4aeTcs B pe3y/ibTaTe BbIYUCIEHWI MO (hopMy e

Misp = Misp2 - ki+b—1mi+b—1,

roe b npo6eraet ot (-2) oo j (T.K. Mz =N, M, = M).

Lonyctum yto, npu (N,IM) = 1 yncna (2n -1)wm (Zm - 1) nmetoT 06LLero aennTens paBHoro

q>1

@"-1)=AQq

@"-1)=AgQ

3Hauut

@™ 1) = Ay Tk (2™ - 1)=0 (mod (2™ - 1))

Torpa



AG-Ag =0 (A-A) =" -1)- @M -1)=2" - 2™ = ™5 M Mgy = ™ (M g
3HaunT yncna (2m -1)nm (2mi - 1) nmetoT 06Lero fenutens pasHoro g = 1.
AHAIOrMYHbLIM MyTEeM MOMYYUM, YTO YMCna

@™ - 1) n (2™ - 1) T0 xe MetoT o6iero aenutens pasHoro 0 > 1. Mpogomkue, ganee,
MoAY4UM

(Zmi+j-1 -1)m (zm“j - 1) umetoT obuero genutens g > 1. OgHaxo
Mi+j _ 1) = (21 - 1) = 1 1 He MOXeT UMeTb AennTens pasHoro ¢ > 1.

3HaumMT yncna (2n -Dun (2m - 1) He mMoryT uUMeTb obLuero genutens g > 1.
«Teopema 1» floKasaHa.

Teopema 2. Ecnim uncna N n M B3ammHo npocTble (N,M)=1, T0 uncna
(A"-1)/(A-1) n (A™-1)/(A-1) To e B3aumHO npocTbie, rae A>1.

JoKa3aTenscTBo.
AHaNornyHbIM NyTeM, Kak B 0Ka3aTeNbCTBE «TEOPEMbI 1%», NErKo A0KasaTb AaHHYO TEOpPEMY.

Teopema 3. Ecnin (Arn -1)/(A-1) =0 (mod t) n (A -1) =0 (mod tf), TO [/151 BCEX 3HAYEHUI
N, uncna (A" - 1)/(A - 1) n (A" - 1)/(A - 1) He cpasHumbl o Mogynio T, rae N v M 3anmHo
npoctble uncna, t > 1, f>0.

JoKa3aTenscTBo.

«Teopema 3» SABNSETCA OUEBUIHbLIM C/IEICTBMEM «TeOpPeMbl 2». ECnm NpefnonoXunTb, YTO Yncna,
m n

npuBegeHHble B «Teopeme 3», (A - 1)/(A - 1) n (A" - 1)/(A - 1) cpasHumbI no mogynio t, To

3TO NMPOTVUBOPEYUMNT YCNIOBUKD «TEOPEMBI 2%,



THEOREMS OF RELATIVE PRIMES NUMBERS.

Remark: In this work it is spoken only about the natural numbers.

Theorem 1. If the numbers N and M are relative primes (N,M) = 1, then the numbers
(2n -1)are (2m - 1) also relative primes (2n -1, M. 1)=1.

Proof.

Lemma 1. If the numbers N and M are relative primes (N,IM) =1, (1)
where M <N, N=M; (mod M), M >M; >0, and

m; = n - mk; )

then the numbers M and M; are also relative primes.
Proof of “Lemma 1”. Let’s suppose inversely. Let’s admit that the numbers M and M; have a
common divisor P > 1. Then

m=mypP (3)
and
mi = miop.

Taking into attention of (2) we’ll get

MiP =N - MypKk;

It means that

N =m;p + MPK; = p(mi, + Myk;) (4)
Taking into attention of (3) and (4) it is clear that the numbers N and M have a common divisor

P > 1. And this goes in contradictory to the condition of (1).
“Lemma 1” is proved.

It’s clear that for any pair of the relative primes N and M there are the numbers M; and K;, where
m > m; >0, and M; =N - MK
Let’s apply “lemma 1” to the pair of the relative primes (shown in “lemma 17) M > M;

(if M;+ 1) and we’ll get the next pair of the relative primes M; > M.
Going on the analogical way we’ll get a line numbers answered to the condition where

N>mM>m;> M >...> My (5)
Consequence: Cause the number N is terminal and a line of numbers in (5) decreases, it means
that applying to the last member of this line (for M;y;) it is a condition

m;.; =1,

which is concluded as a result of calculations by the formula

Miss = Misp2 - Kispa Mo,

where b covers from (-2) to j (because Mi, =N, M1 = M).

Let’s take that if (N,M) = 1 numbers (2n - 1) and (Zm - 1) have the common devisor equaled to

q>1
2"-1)=AgQ
@™ -1)=AQ
So

@™ - 1) = Ayq because (2™ - 1)= 0 (mod (2™ - 1))
Then



A -Ag =g (Ar-Ag) =" -1)- @™o 1) =" oMK oMK M MKi gy = pMKipMi gy
So, the numbers (2m-1) and (Zmi -1) have the common devisor equaled to ( > 1.

By the analogical way we’ll get that the numbers

(2mi -1)and (2mi+1 - 1) also have the common devisor equaled to ¢ > 1. Going on we’ll get
2™ - 1) and (2" - 1) have the common devisor equaled to ¢ > 1. However

(Zmi+j -1)= (2l - 1) =1 and can’t have the common devisor equaled to (] > 1.

It means that the numbers (2n - 1) and (2m - 1) can’t have the common devisor equaled to

q>1

The theorem is proved.

Theorem 2. If the numbers N and M are relative primes (N,M) = 1, then the numbers
(A" - 1)/(A - 1) and (A™ - 1)/(A - 1) are also relative primes, where A > 1.

Proof.
By the analogical way, like the proof of «theorem 1», it is easy to prove this theorem.

Theorem 3. If (A™ - 1)/(A - 1)= 0 (mod t) and (A - 1)= 0 (mod tf), then for all the
significances of N, the numbers (A™ - 1)/(A - 1) and (A" - 1)/(A - 1) are not comparable by
modal t, where N and M are relative primes, t > 1, > 0.

Proof.
«Theorem 3» is the obvious consequence of «theorem 2». If it is to suppose that the numbers

used in «theorem 3» (A™ - 1)/(A - 1) and (A" - 1)/(A - 1) are comparable by modal t, it
contradicts to the condition of «theorem 2».



TEOPEMDbI O MNPOCTbIX AEJTUTENAX

O603HayeHne: B faHHO cTaTbe peyb uaeT TO/MbKO 0 HATYpabHbIX uncnax. M! — M cakTopuan.

Teopema 1. MNpocTble genutenn yncen (2n - 1), npu npocTeix N, umetot Bug: AN + 1, rge A -
HaTypasIbHOe YunCIo.

[loKa3aTenbcTB0. CpasHm uncna (2" — 1) (2f ~1), rge f =M1/n', M = ckonbko yroao
60/bLLIOE HaTypasibHoe uncno, T — ckonbko yrogHo 60bLLoe HAaTYpabHOE YNCO, NPY KOTOPOM
ynosneTsopsetcs yenosve (N,M1/nY) = 1, T.e. uncna N u M1/n" s3aumro npocruie, f —
HaTypanbHoe uncno. T.k. M — ckonbko yroaHo 60nbLLOe HaTypaibHOe Y1Co, TO AN NH06Oro
npocToro uncna P (3a UCKNHOYEHNEM HEKOTOPbIX Cny4aes, Korga P - 1 = Bn, .. f n N Bzaumno
npoctele. B — HatypanbHoe uncno) yaosnetsopsetcs ycnosue

2"~ 1) =0 (mod 2" - 1)).
Mo Manoin Teopeme ®epma U3BECTHO, UTO

" - 1) =0 (mod p).
CnepoBsatesbHO, (2f -1) =0 (mod P).
Ham n3BecTHO, 4TO (CM. «TeopemMbl 0 B3aMMHO MPOCTbIX YMciax» Ha caiTe: http://logman-
logman.narod.ru/) uncna (2n -1)n (2 - 1) B3aMMHO NpPOCTble, T.K. (n,f) = 1. 3HauuT, ntoboe

f
MPOCTOe YKC/O0 ABNSETCA AennTenemM uncna (2 - 1), 3a UCK/IKUYEHEM HEKOTOPbIX C/ly4YaeB, Koraa

Pp-1= Bnu p = Bn + 1. CnegoBatensHo, NpPOoCTble AeNNTeNN Yncen (2n - 1) nvetoT BUA
Bn + 1.
Bn + 1= An + 1. Teopema gokasaHa.

Teopema 2. MpocTsle genutenu uncen (S" - 1)/(S = 1), npu npoctbix N, nmetot Bug: (TN + 1), n
o n

[N OFPaHNYeHHOro KonnyecTBa 3HaueHuii N npu S = constant uncna (S - 1)/(S - 1) moryT

umetb npoctble genutenu O, rae T — HatypansHoe uncno, d — genutens uncna (S - 1).

[loKazaTenbcTBO. «TeopeMy 2» [OKKEM TeM Xe MyTeM, Kak foKasblBa «TeopeMy 1». CpaBHUM
n f _ 1 t

yuena (S - D)I(S-1)n (S -1)I(S-1), rae T =M!/n", M = ckonbko yroaHo 6onbLuoe

HaTypa/ibHoe uncno, t — ckonbKo YrogHo 6oMbLLOe HATYPaIbHOE YUC/O, NPY KOTOPOM

ynosnetsopsercs yenosne (N,M1/nY) = 1, T.e. uncna n u M1/n" ssanmo npoctere,  —
HaTypanbHoe YNCno:

a) MoNyyaem pesybTar, Kak B «Teopeme L, T.e. npocTbie genvtenn uncen (S' - 1)/(S - 1)
nmetoT Bug — (TN + 1). Kpome Toro

6) T.K. B 3HamMeHaTene uncna (Sf - 1)/(S - 1) umeetcs uncno (S — 1) ecTb cnyyan, Korga
4mcno (Sf - 1)/(S = 1) He MeeT NPOCTOro AennTens d, KOTOPbI SBNSETCA NPOCTbIM AeNTENeM
uyucna (S - 1). Mo 3Toi NPUUMHE MOXHO NPEANONOXUTb, YTO Takue Ymncna, kak uncno d moryT

0Ka3aTbCA NPOCTbIMU AeNUTENAMU YNCeN (Sn - 1)/(S - 1). Takvie cnyyan uMetoTcs. Hanpumvep:
(10° - 1)/(10 — 1) = 0 (mod 3)
Mpwn 3TOM 0YEBMAHO, YTO KOIMYECTBO 3HaueHWl N ¢ BepXxy orpaHNYeHO KOMYECTBOM MPOCTbIX

fenuteneit uncna (S - 1).
Teopema [loKa3aHa.



Theorems of the relative primes
Remark: In this article it is spoken only about the natural numbers. M! — M is factorial.

Theorem 1. The prime divisor of the numbers (2" - 1), where n is simple, has the following aspect:
AN + 1, where A — is a natural number.

Proof. Let’s compare the numbers (2" — 1) and (2f _1), where T =Mun', M — s infinitely
large natural number, t — is infinitely large natural number, where the condition of (n,M!/nt) =1,is
satisfied, so the numbers n and |\/|!/I‘lt are relative primes, f — is a natural number. Because of M -
is infinitely large natural number, for any prime P (with the exception of some of cases, when P - 1

= BN, because f and n are relative primes. B — is a natural number) the following condition is
satisfied:

@"-1)= 0 (mod (2™ - 1)),
According to the Ferma’s Small theorem it is known that

2™ -1)= 0 (mod p).
So, (2 - 1)= 0 (mod ).
We know that (see «Theorems of relative primes numbers» on the site: http://logman-
logman.narod.ru/) the numbers (2n - 1) and (2]c - 1) are relative primes, because (n,f) = 1. It means
that any prime is a divider of the number (2f - 1), with the exception of some of cases, when P — 1
=Bn and p= Bn + 1. So, the prime divisor of the numbers (2n - 1) have the following aspect:
Bn+1.
Bn +1=An + 1. The theorem is proved.

Theorem 2. The prime divisor of the numbers (Sn - DS - 1), where n is a prime , have the
following aspect: (TN + 1), and for the limit quotation of significances of n when S = constant the
numbers (Sn - 1)/(S - 1) can have the prime divisor d, where T — is a natural number, d - is a
number’s (S — 1) divider.

Proof. Let’s prove «Theorem 2» by the same way like we’ve done according to the “theorem 1”.
Let’s compare the numbers (S" - 1)/(S - 1) and (S]c - 1IS - 1), where f = Muyn', M —is
infinitely large natural number, T — is infinitely large natural number, where the following condition
is satisfied: (n,M!/nt) = 1, so the numbers n and M!/ntare relative primes, f - is a natural number:
a) So, we get the analogical result to the “theorem 17, and the prime divisor of numbers (Sn -
1)/(S - 1) have the following aspect: (TN + 1). More over,

6) Because at the denominator of the number (Sf - 1)/(S - 1) there is a number (S - 1), there
are some of cases, when the number (S]c - 1)/(S = 1) doesn’t have any prime divisor d, which is the
prime divisor of the number (S — 1). Because of this reason it is possible to suggest that such

numbers like d may turned out to be the prime divisor of numbers (Sn - 1)/(S = 1). There are some
of the similar cases. For example: (10° - 1)/(10 — 1) = 0 (mod 3)
In this way it is obvious that the quantity of significances of n is limited within quantity of the

prime divisor of the number (S - 1) from above.
The theorem is proved.



