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ABSTRACT. The subject of this article is the abc _conjecture study. The relevance of
the problem under study lies in the fact that it is one of the unsolved problems of
number theory [1]. The purpose of the article is to prove that abc-conjecture is
correct.
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INTRODUCTION
In this paper, two lemmas and one theorem are proved.

LEMMA 1. For any natural number w, there is only a finite number of triples a, b, ¢

of mutually prime natural numbers such as a + b = ¢ and the following inequality

holds.
¢ > rad(abc),
here rad(abc) = rad(w)

LEMMA 2. As a consequence of Lemma 1, it becomes obvious that, similarly, for
any real positive number &, there are only a finite number of triples a, b,c of

mutually prime natural numbers such as a + b = ¢ and the following inequality

holds
¢ > rad(abc)*¢

THEOREM. For every positive real number &, there is a constant K (&) such that for
all triples a, b, ¢ of mutually prime natural numbers, where a + b = c, the following

inequality is true



c < K(¢) rad(abc)**¢

PROOFS.

PROOF OF LEMMA 1. We prove that for any natural number w there are only finitely

many triples a, b, ¢ of mutually prime natural numbers such as a + b = ¢ and the

following inequality
¢ > rad(abc).
Here and throughout the article, rad(abc) = rad(w) = const

w is an arbitrary natural number.

Suppose the opposite, that there are an infinite number of triples of a, b, c.

For the numbers a, b, c, we write:
a=a+k, rad(abc)
b =B+ ky-rad(abc)
c=y+k. rad(abc)
Here a, B,v, ky, ky, k. are natural numbers, and
0 <a<rad(abc), 0<p <rad(abc), 0<y<rad(abc)
NOTE 1. Obviously, if c =y + k. - rad(abc), then ¢ > rad(abc).

It is obvious from (3) that

Ifrad(abc) = O(modrad(a)) =>rad(a) = O(modrad(a)) =>rad(a) = rad(a)
4 rad(abc) = O(modrad(b)) =>rad(p) = O(modrad(b)) =>rad(f) = rad(b)
Lrad(abc) = O(modrad(c)) =>rad(y) = O(modrad(c)) = rad(y) = rad(c)
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where we take into account that a - f -y # 0, since a, b, c are mutually prime

numbers.
From (5) we get

rad(afy) = rad(abc) and rad(afy) = O(modrad(abc))

The numbers a, b, ¢ are written as follows (canonical decomposition of the

number):

(6)
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where a4, a,, ..., a;, by, by, ..., bj, C1,Cy, ..., i are different prime numbers,

A1, Az, ooy iy By, B2y vy By V1, V25 -+, Vi — Natural numbers.

Therefore

rad(a) =a; - ... q; rad(b) = by - ... b rad(c) =cy " ... ¢
Next, for a, 3, v, taking into account (5) and (6), we write

rad(a) =rad(d,) - a,.a, - ...” q;
rad(B) = rad(dg) - by.b, - ... b; (8)
rad(y) = rad(ay) *C1.C " vt C

where 0, dg, 0, are natural numbers, and (a,0,) =1, (b, 6[;) =1, (c, ay) = 1.

NoOTE 2. If rad(a) = rad(a), then 0, = 1, if rad(B) = rad(b), then dg = 1 and
if rad(y) = rad(c), then 9, = 1.

NOTE 3. According to the conditions of the problem, the values of the numbers a, b, ¢

change (increase), and rad(abc) = const.

NOTE 4. Lots of different triples of numbers (regardless of the growth of the values

ofa,b,c)a, B,y is limited, since a, 8,y < rad(abc) = const.

Taking into account a + b = ¢, we write
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The terms on the left side of equality (9) are written in the form of formulas of

numerical sequences:

a%1.q%2. .t bfl-bfz-...-bff
0<A(n) = i <L 0<B(n) = iz oe <1 (10)
Yicl? ocf Yicl2 cf



Here n = {1,2,3, ... }. Suppose that a - +o0,b = +00,c = +00. In this case, the
values of the numbers a,b,c will grow only due to the growth of degrees
(al, Az ooy Apy B1, B2y s By V1, Va2s ...,yk), since rad(abc) = const. In this case, it

may be that the values of some degrees will remain limited (they do not tend to

s . P P :
infinity), and for the same reason fractions P—“ and -2 are formed. That is

c c
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w+v=1I
d+t=]j (12)
m+n==k
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Let's write equality (9) as follows

1 (16)

It BMS“ = 4o, P, - M/ 5 o0, P,- M/ - 4o, then taking into account
(9) and (16) we come to the conclusion that f(a), f(B),f(y) infinitely large



functions of the same order. Please note that P,, M,, P,, M,, P., M, limited natural

numbers.

Let's clarify that:

M, — the product of those prime divisors of a whose degrees tend to infinity;

M, — the product of those prime divisors of b whose degrees tend to infinity;

M, — the product of those prime divisors of ¢ whose degrees tend to infinity.

P,, Py, P. — the explanation of these components is in (14).

For (16), let's analyze four possible options:

1. Since the numbers a, b, ¢ are mutually prime, then Ya 4 1,

My

—+1;
M M

2. If =2 > 1 and/or =2 > 1, then the left sides of equalities (16) and (9) tend to

c c

infinity;

3. If =% < 1andlor ~2 <1, then the left sides of equalities (16) and (9) tend to

c c

Z€rO0.

4. It can be assumed that
{aiﬁ ) agz Co alfli _ (F(a))g(c)
!bfl bl b = (HB))

g(c)
ekl =(g(0)

(17)

where F(a), H(b), g(c), are infinitely large functions of the same order, and

g(c) > F(a), g(c) > H(b)

In this case, (9) we write as follows

(18)

g(c)
H®)  _ 4 (19)

a1« a; B1.,B2. . Bj ©)
all.azz.___.ail b1 b2 bj — 1o (F(a))g c
CII.C;Z."_.C;{/k CILC;/Z.___.CZk (g(c))g(c)

For the left part (19), we write

(F@)* _ (g0-1)9©@ _ (g(C)—l)g(C) _
(g(c))g(c) - (g(c))g(C) g(c)

(g (C))g(C) -
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=(1-55)" = dm (1-75)" =< @
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(g(c))g(c) (g(c))g(c) g(c)

=(1-55) = dm (1) =i @)
(20) and (21) contradict (19) and (9), that is

9(c) g(c)

(F(a)) (H(b)) <l 1y -

(g(c))g(C) (g(c))g(C) e e

The analysis of all four variants of equality (16) confirms that for any natural number
w, the value of the number ¢ (and the number of such numbers) given by conditions

(1) and (2) are limited. So there is a number C such that
C > c¢ > rad(abc) (23)
Lemma 1 has been proved.

PROOF OF LEMMA 2. We prove that for every real positive number ¢ there are only a
finite number of triples a, b, ¢ of mutually prime natural numbers suchasa + b = ¢

and the following inequality holds
¢ > rad(abc)*¢ (24)

It is obvious that the appearance in (1) of any real positive number ¢ (as indicated in
(24)) strengthens lemma 1, reduces the value of the number ¢, and the inequality is

valid
C > ¢ > rad(abc)te (25)
Lemma 2 has been proved.

PROOF OF THE THEOREM. Ecmu C > ¢ > rad(abc)'™é, Tto 310 03Hawaer, 4rto

CymeCTBYCT 4HCJIO U, JJIA KOTOPOT'O BBIIIOJIHACTCA YCIIOBUC

¢ = urad(abc)t*e (26)



It becomes obvious that for every real positive number & there is a constant
K (&) > u, such that for any triple of mutually prime positive integers a, b, ¢ such as
a + b = c, the following inequality is true

c < K(¢)-rad(abc)*® (27)
The theorem is proved.

abc — CONJECTURE is correct.

LIST OF LITERATURE

1. https://en.wikipedia.org/wiki/Abc conjecture




